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The exploration of this study is devoted to investigate the helical effects for
the flow of fractionalized viscoelastic fluid in helically moved cylinder. The
cylinder starts to oscillate and rotate about its axis when ¢t = 0" with
velocities. By applying mathematical transforms (Hankel and discrete
Laplace transforms) exact solutions are found out for velocities and shear

stresses. The general solutions satisfy initial conditions u, (r,0) = u,(r,0) =

onm0) _ 9u:(n0) _ , as well as boundary conditions u;(R,t) =

at at
RQH(t) sin(wt) or cos(wt), and u,(R,t) = UH(t)sinwt/coswt. The
solutions are presented in terms of series form and expressed in terms of

generalized Fox H-function H]%;CjH(Z). Special cases have been traced out for

non-Newtonian fluids (fractional and ordinary Second Grade, fractional and
ordinary Newtonian fluid and ordinary Maxwell Fluid). Three types of fluid
models are presented for rheological comparison, namely (i) fractional and
ordinary Maxwell fluid, (ii) fractional and ordinary second grade fluid and
(iii) fractional and ordinary Newtonian fluid. Finally, the rheology is
influenced with distinct parameters and material limitations for helically

moved cylinder by depicting graphical analysis.

© 2017 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The practical applications of flow of non-
Newtonian fluids lie among the modern industries.
Such industries have diverted the attention of
engineers, mathematicians and scientists for the
solutions of flow problems of non-Newtonian fluids.
Various rheological materials like polymer melts,
suspensions, clay coatings, drilling mud, elastomers,
certain greases and oils, and numerous emulsions
are considered as non-Newtonian fluids. In order to
exhibit certain characteristics of non-Newtonian
fluids there is not at least single constitutive
equation, this is due to complex behavior of fluid.
The rheology of non-Newtonian fluids has distinct
characteristics in fermentation, boiling, polymer
processing, molten plastic foam processing,
composite processing many others (Fetecau and
Corina, 2005; Fetecau et al, 2007; Erdogan and
Imrak, 2005; Chen et al, 2004; Hayat et al., 2004a;
2004b; Abro and Shaikh, 2015). Nowadays,
viscoelastic fluid (Maxwell model) is acknowledged
by many scientists and engineers in several
engineering and industrial processes. This is due to
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involvement of viscoelastic material, for instance,
glues, paints, melts of polymers, asphalts, biological
solutions, colloids and several others. In
continuation, Hayat et al. (2006) investigated flow
problem for second grade fluid in cylindrical
geometry in which they traced out analytical
solutions. Analytical solutions have been obtained by
Akl (2014) on the structure of stretching cylinder for
unsteady boundary flow. Altintas and Ozkol (2015)
analyzed non-heated and heated cases in circular
pipes for magnetohydrodynamic flow. Sulochana and
Sandeep (2016) worked at different temperature for
shrinking cylinder with heat transfer behavior of
magnetohydrodynamics. Masood et al. (2016)
investigated a stagnation-point flow with the
nonlinear radiative on Sisko fluid over stretching
cylinder. They established numerical solutions via
shooting method through forth order Runge-Kutta
method by transforming governing partial
differential equation of stretching cylinder. They also
explored nonlinear Rosseland approximation and
effects of thermal radiation. Jamil et al. (2011)
analyzed longitudinal and torsional constantly an
infinite accelerated cylinder with for second order
liquid. They found exact analytical solutions for
shear stress and velocity profile. Mahmood et al.
(2010) worked on the annular region of cylinders for
generalized second order liquid with oscillatory
flow. They utilized integral transform to investigate
some exact analytical solutions with few limiting
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cases. Siddique and Vieru (2009) examined circular
cylinder for rotational fluid of second order liquid
and investigated analytical study in cylindrical
configuration. Abdulhameed et al. (2016) perceived
oscillating flow in circular cylinder for heat
performance and compared due to different
pressure waveforms. Sulochana and Sandeep (2016)
studied heat transfer and momentum behavior of
few nanoparticles embedded towards porous
cylinder. They obtained numerical solutions by
employing Runge-Kutta Felhberg technique. Of
course the list of study on circular cylinder for
viscoelastic fluid can be continuous but we end it
with some recent references (Shah and Qi, 2010;
Wang and Xu, 2009; Nazar et al,, 2010; Fetecau et al,,
2010; Malekzadeh et al, 2011; Abro and Solangi,
2017; Muhammad et al,, 2015; Abro, 2016; Rostami
et al,, 2014; Rashidi et al., 2014; Rashidi et al., 2012;
Rashidi et al., 2015). Motivating by above studies,
our purpose is to investigate the helical effects for
the flow of fractionalized viscoelastic fluid in
helically moved cylinder. The cylinder starts to
oscillate and rotate about its axis when ¢t = 0 with
velocities. By applying mathematical transforms
(Hankel and discrete Laplace transforms) exact
solutions are found out for velocities and shear
stresses. The solutions are presented in terms of
series form and expressed in terms of generalized

Fox H-function H]%;(J‘H(Z). Special cases have been

traced out for non-Newtonian fluids (fractional and
ordinary Second Grade, fractional and ordinary
Newtonian fluid and ordinary Maxwell Fluid). Three
types of fluid models are presented for rheological
comparison, namely (i) fractional and ordinary
Maxwell fluid, (ii) fractional and ordinary second
grade fluid and (iii) fractional and ordinary
Newtonian fluid.. Finally, the rheology is influenced
with distinct parameters and material limitations
among two helically moved cylinders by depicting
graphical analysis.

2. Mathematical modeling of helices

The Cauchy stress tensor T is an incompressible
Maxwell fluid is given (Fetecau et al., 2010; Abro,
2016)
T=-pl+S,S+A(S—LS—SLT) = uA, 1)
where -pl,S, L, A=L+LT,u, A, T are the
indeterminate spherical stress due to the constraint
of incompressibility, the extra-stress tensor, velocity
gradient, first Rivilvin Ericksen tensor, dynamic
viscosity, relaxation time, transpose operation. This
Maxwell model can also be characterized for
Newtonian fluid by letting A = 0. The microscopic
polymers and their predictions of the normal-stress
differences are also characterized by this model. Due
to this significance, this model is useful to analyze
dilute polymeric fluids in viscoelasticity. Here
velocity field is assumed as

u=u(rt) =u,(r,t)eg +u,(r,t)e,, S=S(1t),

(2
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where, eg and e, are unit vectors in the 8 and z-
direction. For such flows the constraint of
incompressibility is automatically satisfied. If the
fluid is at rest up to the moment ¢t = 0 then
u(r,0) =S(r,0) =0, 3)
and implementing S,- = 0 in Eq. 1 then we arrived at
meaning full equations as defined below

A%Tl(r,t)—uaug—(:'t)+u@+rl(r,t)=O, 4)
A%‘L’z (r,t)—u auza(:'t) +1,(r,t) =0, (5)

here, T, = S, and 7, = S,, are the shear stresses.
While, due to nonappearance of pressure gradient,
balance of linear momentum and ignoring body the
forces lead the following equation for symmetry of
rotation as

) dn(rt) _ 2m(nt) _

0, (6)
0, (7)

r r
du(rt) _ 3T, _ T, _
at or r -

eliminating 7, and 7, from Egs. 4-7, we arrive at the
equations governs the helical flow Fetecau et al
(2008)

ouy(r,t) i(aul(r,t)) _ (ﬁ 190 1 _
at +A6t at v 6r2+r6r rz)ul(r,t)—

0, t>0, (8)

ou,(r,t) 9 [du,(rt) a2 va _

IR A5 (F50) ~v (Gt ra) w ) =0, >0,
9)

where v =% is the kinematic viscosity of the fluid.

Meanwhile, we consider here fractional Maxwell
fluid at rest in an oscillating circular cylinder of
radius R. At time t = 0" the cylinder begins to rotate
about its own axis (¢t = 0) with the angular velocity
Nsin(wt) or Ncos(wt) and oscillates along the same
axis with Usin(wt) or Ucos(wt). Due to shear the
fluid is gradually moved and its velocity being of the
pattern as in (2), while the governing equations are
(4-5) and (8-9). Such flow produces helicity, this is
due to fact that the streamline of helicity are helices
as shown in Fig. 1. The conditions are:

e Initial condition:

uy (r,0) = u,(r,0) = 7, (r,0) = 75(r, 0) = 220D =
200 _ (10)
e Boundary condition for angular velocity:

uy(R,t) = RQH(t) sin(wt) or ROH(t) cos(wt),t =0 (11)

u,(R,t) = UH(t) sin(wt) or UH(t) cos(wt), t=0
where H(t) is Heaviside function. In order to
develop the governing equations for helical flow (4-
5) and (8-9) in terms of non-integer order derivative,
we implement the Caputo-fractional operator, we get

ouq(r,t) x (Qui(rt)) 6_2 190 1 _
ot +ADt ( at ) V(arz +rar rz)ul(r't) -

0, t>0,

(12)
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LG + ADtx (auz(r't)) (arz + ;;) u(r,t) =0, t>

at at
0, (13)
ADfty(r,t) — ,uaul(r Dy ,uul(r Dy 7,(r,t) =0, (14)
AD{ Yo, (r,t) — ,uauZ(r £) +17,(r,t) =0, (15)
s
n

where, DtX represent the non-integer order Caputo

/ v
(7] Uz (r,t) = UH(t) cos(wt) or UH(L)sin(wt)

Fig. 1: Geometrical configuration of helecity

3. Solution of the problem
3.1. Velocity field
e Case-I: For sine oscillations: Applying Laplace

transform on Eqgs. 12-13 and keeping in mind Eqgs.
10-11, we arrive at

(s + M s )y (r,s) = v(m+;5—r—)u1(r s),  (17)
(s + Ms™* ), (r,s) =v (aa:z + %aa_r) Uy(7,5), (18)
where the conditions (7, s) = (S%::z) and
Uy(r,s) = (52[112)2) are to satisfy Eqgs. 17-18.

Employing finite Hankel transform on Egs. 17-18
and using Appendix A (A1 and A3) on Eq. 17 and (A2,
A4) on Eq. 18, we get

Q J,(Rrg) @ v R?*1y
SZ(AXSTH X +5+vr2)+ w2 (AXsTH X +s+vr2)’
U ]1(Rrﬁ) WVRTR
52(A151+X+s+vr§)+w2 (A151+X+s+vr§)'

Uy (1 8) = (19)

sy (rﬁ, s) = (20)

in order to satisfy imposed conditions, we present
suitable equivalent forms of Eqs. 19-20 as

2J,(Rry) w R?

Uy (7 =
11 (e S) (52 +007)
Q J,(Rry)R? w(AXs1tX +5)
Ta S2(AXs1t X +s+vrd)+ w2 (AXs1H X +s+vr2)
(21)
_ U Ji(Rrg) o R
u 17 =
ZH( B S) rp(s2+w?)
UJ1(Rrg)R w(s+AXs1tX)
B SZ(AX51+X+s+vr§)+w2(A7(31+X+s+vr§)'
(22)

applying inverse Hankel transform on Egs. 21-22
and using Appendix A (A5) and (A6), we get suitable
series expansion as

e 20w Zoo J1(rry)

u,(r, s —
i (r,s) = s2+w?  s2+w2 0=y 1 (Rry)
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fractional operator defined as (Abro et al, 2016;
Abro et al,, 2017a)
1 t u'(@
/. q, 0<y<1;
X _ F(1-x) 70 (t-q)X
Dt u(t) = au(t) —1 ’ (16)
dac ' =
u1(r, t) = RQH(t) cos(wt) or RQH (t) sin(wt)
. (=A%)52I (s, +55)
Ye—o(=vrd)® Zsz—om' (23)
_ _ U0 2U0®0 e Jo(rrp)
U(r,s) = s2+w?  R(s2+w?) Zﬁ:lTﬁjl(RTlg)
(=AX)%2T(s51+s3)
Y —o(=vi)® Zsz_omﬁ, (24)

inverting Egs. 23-24 by means of Laplace transform
and using theorem of convolution product, we have
final form of velocities in terms of Fox-H function as

uy(r,t) = rQH(t) sin(wt) —

20H(8) Bifo AL B o(—vi2)® [y sinw(t = 8)

Sy (1-s1,1)
HL1 AX a5, ’c
13 [( “() (0,1),(1-51,0),(1=51,—x) (25)
u,(r, t) = UH(t) sin(wt) —
2UH(®E) woo Jo(T78) woo NSt
R Zﬁ:lrﬁoh(RTﬁ) Y oo(—vrg) ™ Jy sinw(t — 8) x
Sz (1-s,1)
it AX 26
v [( tx) (0,1),(1-51,0),(1~-51,—X) (26)

where, H; ,\f+1(Z) is generalized Fox H-function
defined as (Abro etal, 2017b; Abro etal., 2017c)

¢ Zp = ‘1»")p Hk 1 P +1ep) _

F(}k+lkp)
Hlm [(b | i1: 11) (1 i2: 12)' ey (1 - imrIM) )
mrELL0,1), (1 = )1, (X = iz J2)s s (L= iy Jn)
(27)

3.2. Shear stress

Applying Laplace transform on Eqgs. 14-15 and
keeping in mind Eqgs. 10-11, we arrive at

71(r,s) = p(1 + AXsX)™? (—aﬁl(r's) - —ﬁl(m)),

ar r

_ Xox)-1 0, (r,s)
p(l+ Axs*)™ — =,

(28)
T,(r,s) (29)

substituting Appendix A (A7) and (A8) and using
facts of Bessel’s function J,(rr,) = —71,/J,(rr,) also
1)1 (rrﬁ) -1 (rrﬁ) = —11p/, (rrﬁ) in Egs. 28-29, we
obtain simplified form as
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T,(r,s) = 2uQw Y o—; ﬁ(;:a) Yo oo(—vrg)™

(=AX)%2T (s +s2)w

ZE;):O(_AX)SS 2?2):0 52IT(51) (52 +w?)s51=52X=53X’ (30)
_ 2000 voo  J1(78) oo S
Tp(r,s) = R Zﬁ:lhl(Rri)ZSFO(_vrl%) '
(=AX)52T(s1+55)w
ZE:ZO(_AX)S3 Z?;ZO 5,!T(51) (82 +w?)s51-52X=53X’ (31)

inverting Egs. 30-31 by means of Laplace transform
and using theorem of convolution product, we have
final form of shear stresses in terms of Fox-H
function as

o ] ( ll) e}
(1, £) = 20H(Oop TGy 2 Eamo(-vid)™

Ye=o(—AX)% fot sinw(t — §) x

5, (1=51,1)
gt AX
e [( “‘) (0,1),(1-51,0),(1~51,~1)
7,(r,t) =

WHD O« J1(r7p)
R - ZB 1]1(RTB z:51 0( VTa)Sl

Y8 _o(—A)% [[sinw(t — §) x

(1-s1,1)

11 AX\ 52

it |(-4)

e Case-II: For cosine oscillations: Implementing
identical algorithm, we also investigated the
analytical solutions of cosine oscillations as

(32)

ds. (33)

(0,1),(1=51,0),(1=51,—%)

uy (r,t) = rQH(t) cos(wt) —
20H(6) T2, 2o (—vr2)s [ cos w(t - 8) X

ra{z(RT ))
Sz 1-s54,1
Hy3 e dé. 34
13 [( ”) (0,1),(1=541,0),(1=51,—x) (34)
uy(r,t) = UH(t) cos(wt) —
2UH®E) woo Jo(T78) woo Sy ot
R Zﬁ:l TB(.)h(RTB) Zslzo(_vr;) ' fo cos w(t - 6) X
Sz (1-s,1)
HA AX 6. 35
13 [ ( “‘) 0,1),(1-51,0),(1-S1,— %) (35)

T (rt) =

20H()oop Toy ZXD 52 (—vr2) 38 _o(~A0)% [ sinw(t —

J2(R7)
AX\S2 (1-s,1)
)

(36)

5)><H};§[(

T,(r, t) =

] ds,
(0,1),(1~51,0),(1~s1,—%)

2UH(t w J
;)wuzﬁ—l 1(rrﬁ)251 0( Vra)51253 0( AX)SSI sinw(t -

=1 1(Rrg)
(-%)"

4. Special solutions

(1-51,1)

5) x H dé.
’ (0,1),(1-51,0),(1-51,—%)

(37)

4.1. Solutions of Maxwell fluid for ordinary
differential operator

Case-I: For sine oscillations: In order to retrieve
the solutions for sine and cosine oscillations, we
substitute y — 1 in Eqgs. 25-26, 34-35 and Egs. 32-33,
36-37, we arrive

uy (r, t) = rQH(t) sin(wt) —
20H (8) T, 20T ey o (Vg )Slf sinw(t —8) x

TaJ>(RTo)

(1-54,1)
11 A Sz 1
His [(—?)

ds, (38)
(0,1),(1-54,0),(1—s4,—1)
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u,(r,t) = UH(t) sin(wt) —
2UH(t)Z?;_1 r/o(”b’) Zzzo(_vrlg)sl fot sinw(t — &) X

pJ1(Rrp)
s,(1=51,1)
il (- 39
1'3[( f) (0,1),(1-51,0),(1-51,-1) (39)
Tl(rl t) =
20H()0p $2y 2D 52 (—vr2)5 32 _o(=0) fy sin w(t -
K Za=17, (rr,) &451=0 a 53=0
5,(1=51,1)
&) xHiz| (-7 ds, 40
) 3 [( f) (0,1),(1-5,,0),(1=5,,-1) (40)
T,(r,t) =
2UH(t) o J1(r78) woo o .
R = z:li’=1 JI(RTI;) 251:0(_1’7?3)51 253:0(—/\)33 fo sinw(t —
S, (1-s4,1)
&) x H¥| (=4 41
) 3 [( t) (0,1),(1-51,0),(1~5;,~1) (41)

¢ Case-II: For cosine oscillations

uy (r,t) = rQH(t) cos(wt) —
20H(0) T7-s LD g0 (yr2)s: [Feos w(t — 8) X

TaJ2(RTg)
5 (1=s1,1)
i3 | (-2 ds, 42
L3 ( t) (0,1),(1-5,,0),(1—s4,—1) (42)
uy (7, t) = UH(t) cos(wt) —
2UH() woo  Jo(77) ¢
R Zﬁ_lrgl (Rrp) 251 0( vrﬁ) fo cosw(t —6) X
[ 551 (1=51,1)
3| (-3 ds. 43
] (%) (0,0),(1-5,0)(1-s,,-1) | (43)
T,(r,t) =
ZQH(t)u) Zoo ]2(1‘1"01) Zoo (_1/7,2)51 Zoo (_A)53 ft Sina)(t _
H =1 J, (Rrg) S451=0 a s3=0 0
5, (1=51,1)
5 X Hl'l — é dd, 44
) 3 [( t) (0,1),(1-54,0),(1-5s1,—-1) (44)
7,(r,t)

o ed ® t
2UH () wp 0 J1(175) '
- (v ) (M) (
R le]l(RTB) SZO o 53220 ofsmw
)
(-9)

(1-s4,1)
x Hy
4.2. Solutions of Newtonian fluid

(45)

(0,1),(1-s541,0),(1—51,—1)

¢ Case-I: For sine oscillations: In order to retrieve
the solutions for sine and cosine oscillations, we
substitute A = 0 in Eqgs. 25-26, 34-35 and Egs. 32-
33,36-37, we obtained Newtonian solutions

u(r, t) = r2H(t) sin(wt) -

o) J1(rre)

20wH(t) Zazlrah(m )f sinw(t — 8) Exp(—vr2)t dé,
(46)

u,(r,t) = UH(t) sin(wt) —

ZuwH(t)ZB 1TZEE;’;) f sinw(t — 8) Exp(—vr2)t dé,
(47)

7,(r, t) = 2uQwH((t) Zf{‘:l%ﬁ sinw(t —

&) Exp(—vr2)t ds, (48)

ra(r,s) = MOy S sin o -

8) Exp(—vr2)tds (49)

¢ Case-II: For cosine oscillations

u, (r,t) = rQH(t) cos(wt) —
20H() X5, r]}(z;“)) f cos w(t — &) Exp(—vr2)t ds
(50)
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uy(r,t) = UH(t) cos(wt) —

ZU;I(t) - r:jf?;ii) fot cos w(t — &) Exp(—vr2)t d&,

(51)
T,(r,t) = 2u0H(t) 2;3;1% [} cos w(t ~
8) Exp(—vr2)t dé, (52)
7,(r,s) = Z”U:(t) Z;’f:l]]ié;:i)) fot cos w(t —
8) Exp(—vr2)t dé. (53)

It is also worth pointed out that our general
solutions can also be retrieved for ordinary
Newtonian fluid when relaxation time (A* = 0) is
zero and fractional parameter (y = 1) is assumed to
be equal to one Fetecau et al. (2008). In continuation,
the solution obtained by Fetecau et al. (2008) can be
retrieved by substituting w = 0 in Egs. 46-49 or Egs.
50-53.

5. Numerical results and discussions

In this portion, our purpose is to analyze few
rheological parameters for helical flow of
fractionalized viscoelastic fluid in helically moved
cylinder numerically. The cylinder starts to oscillate
and rotate about its axis with angular as well as
oscillating velocities corresponding with shear
stresses.

2'] T T T
HES =25
ddk p =45
oo L =065
0.667 a

uy (1, t)

-0.667

-11

3

Fig. 2: Plot of angular and oscillating velocities for t

4

Fig. 3 is depicted to show the effects of viscosity
parameter v on angular velocity u,(r,t) and
oscillating velocity u, (r, t). It is noticed that that as
viscosity increase; both velocities have oscillating
behavior of fluid flow in scattering manners. It is
also pointed out that oscillating velocity u,(r,t)
has dominant behavior of flow in comparison with
angular velocity u, (, t).

e Fig. 4 is plotted for amplitude w of angular velocity
u, (1, t) and oscillating velocity u,(r, t), as expected
the periodic response of fluid flow over the

U, (1, t)

101

The exact solutions are investigated for both

velocities and shear stresses along with imposed
0uq(r,0) _ Oup(r,0) _ 0

at at
and u,(R,t) = RQH(t) sin(wt) or cos(wt), and
u, (R, t) = UH(t)sinwt/coswt. The general solutions

are presented in terms Fox H-function Hjl",iH(Z)

conditions u, (r,0) = u,(r,0) =

with few particular cases, namely fractionalized
second grade, ordinary second grade, ordinary
Maxwell fluid and Newtonian fluid. Under these
circumstances, the rheology is considered with
distinct parameters and material limitations.

In order to have an insight of physical
interpretation for helically moved cylinder, the
graphical analysis is depicted for knowing the
hidden differences and similarities on fluid flow.
However, the major outcomes are enumerated
below:

e Fig. 2 is prepared for the influences of time
parameter on angular velocity u,(r,t) and
oscillating velocity u,(r,t). Both velocities have
qualitatively identical behavior for increase in time
t. It is found that angular velocity u,(r,t) has
sequestrating behavior and oscillating velocity
u,(r,t) has smattering behavior on the whole
domain of cylinder surface.

20 T T T
S t=25
ik | = 4 5
wee L=065
0.667 7

-0.667

_11 | 1 1
0 1

boundary of circular cylinder is observed. It is also
clear that both velocities have distinct fluctuations;
this may be due to the fact of imposed boundary
conditions.

e The variation of radius of circular cylinder is
displayed in Fig. 5 with range 0.1, 0.2, 0.3. It is
noted that both velocities have oscillating behavior
within insignificant interval. Also, it is observed
that an angular velocity has shorter oscillations in
comparison with oscillating velocity.
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5 8
=q 1
w (r, t) ()
_7 -6
eea v =05
ik v = 1.0
eos ¥ =15
-13 ' ' ' -13 -
0 1.3 2.5 3.8 5 0 1.3 2.5 3.8 5
Fig. 3: Plot of angular and oscillating velocities for v
3“ T T T 3“ T T T
soo w =13 See = 3
bk =6 dkk 0= 0
aoe @7 oo @ =19
15.7 1 15.7 _
U, (7, 1)

1.3

8 0 2 4 o 8

u, (1, t)
-3

9
0 2.5 5 7.5 10 0 2.5 5 7.5 10

Fig. 5: Plot of angular and oscillating velocities for

e Fig. 6 explains the hidden phenomenon of
fractional parameter y on both angular and
oscillating velocities. Here, the behavior of both
velocities is quite identical to each other. It is
pointed out that oscillating velocity u,(r, t) moves
rapidly in comparison with angular velocity
uy (1, t). This may be due to fact of fractional order

derivatives which examines the complete
description of the memory effectively.

e Figs. 7 and 8 are drawn for the comparison of three
ordinary as well as fractional models i-e (i)
fractional and ordinary Maxwell fluid, (ii) fractional
and ordinary second grade fluid and (iii) fractional
and ordinary Newtonian fluid. In both figures,
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angular velocity u,(r,t) and oscillating velocity
u,(r,t) has opposite trend for fluid flow. It is
observed that ordinary Newtonian fluid moves
faster in angular velocity u,(r,t) and ordinary
Maxwell moves faster in oscillating velocity. On the
other hand, fractional Newtonian fluid moves
faster in angular velocity u,(r,t) and fractional

18 . ' -
esa ¥y =02
adk ¥ = 0.4
=06

voe X

-18
0 2.5 ) 7.5

10

Maxwell moves faster in oscillating velocity. In
brevity, a kingpin point in this comparison is the
reciprocal behavior of fluid flows is observed
either in ordinary models or in fractional models.
The same phenomenon can be analyzed for shear
stresses as well.

18 . - .

-18
0 2.5 5 1.5 10

Fig. 6: Plot of angular and oscillating velocities for y
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Fig. 7: Comparison of angular and oscillating velocities for three ordinary models
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Fig. 8: Comparison of angular and oscillating velocities for three fractional models
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List of symbols

u, (1, t) Angular velocity (m.s1)
T,(r,t) or T,(r, t)Shear stress

D} Caputo fractional derivative
T Cauchy stress tensor

A Rivilvin Ericksen tensor
1,0,z Cylindrical coordinates (m)
—pl Spherical stress

To T3 Hankel transform parameters
s Laplace transform parameter
t Time parameter

X Fractional parameter

A Relaxation time parameter

j. k Indexes of Fox-H function
I'(m) Gamma function

1) Convolution parameter

Appendix A. Finite Hankel transform

f: <a 5t () + ]1(”’ )+ ulh(rr,,,)) dr =

(Rra]z (Rry) — 1z )m(ra, t), (A1)
f: ( = 2r]o(r7p) +9 ]O(rrﬁ)) dr = (Rrﬁjl(Rrﬁ) -
r,?)qu(rﬁ, t) (A2)
Uy (T S) = fOR Uy (T, 8) 7 J1 (r7g)dr, (A3)
Uy (15, s) = fOR Uy (15, 5) 1 Jo(r7p)dr, (A4)
W (r,5) = 1 D T () oS+ (1) =
2 Ton (7, 5) 3y (45)
—R J2(R7e) f JiGr)r?dr and %}:r”) =
fo Jo (rrﬂ)r dr, (A6)
au_;—(rm) 11_11 (r,s) =
200 Ya= j;é;::i 52(Axs1+X+s+isrg§i5;+(1/3%slﬂ+s+vr§)' (A7)
9 (rs) _ w_“’z%ozl J1(r7p) (s+aXsX*h)

or J1(Rrp) s2(AXs 1 X+ 54vrg )+ (AX s+ ks +vrd)

(A8)
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